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Abstract 

We construct four new series of generalized simple Lie algebras of Cartan type, using the 
mixtures of grading operators and down-grading operators. Our results in this paper are fur- 
ther generalizations of those in Osborn's work "New simple infinite-dimensional Lie algebras of 
characteristic 0." 

1 Introduction 

The four well-known series of simple Lie algebras of Cartan type were constructed from 
the derivation algebra of the polynomial algebra in several variables and its subalgebras 
preserving certain differential forms. The abstract definitions by derivations of general- 
ized Lie algebras of Cartan type appeared in Kac's work [Kal]. However, it is still a 
question of how to construct new explicit generalized simple Lie algebras of Cartan type. 
Kawamoto [K] introduced new simple Lie algebras of generalized Witt type by changing 
the polynomial algebra in several variables to the group algebra of an additive subgroup 
of F"" and considering the Lie subalgebra of its derivation algebras generated by the grad- 
ing operators, where n is a positive integer and F is a field with characteristic 0. One 
can view the operators of taking partial derivatives of the polynomial algebra in several 
variables as down-grading operators. Starting from the derivation subalgebra generated 
by the grading operators and down-grading operators of the tensor algebra of the group 
algebra of the direct sum of finite number of additive subgroups of F with the polynomial 
algebra in several variables, Osborn [02] constructed new four series of generalized simple 
Lie algebras of Cartan type. In [DZ], the authors generalized Kawamoto's work by picking 
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out certain subalgebras, whose typical examples are the derivation subalgebra generated 
by the grading operators and down-grading operators of the tensor algebra of the group 
algebra of an additive subgroup of F" with the polynomial algebra in several variables. 
The work in [DZ] was also a generalization of Osborn's generalized Witt algebra in [02]. 
Passman [P] gave a certain necessary and sufficient condition on derivations for a Lie 
algebra of generalized Witt type to be simple. 

In [01], Osborn gave a classification of infinite-dimensional simple Novikov algebras 
with an idempotent element over a field with characteristic 0. We observed in [X3] that 
the three classes of Osborn's classified simple Novikov algebras can be rewritten in one 
form by using the sum of a grading operator and a down-grading operator. In other 
words, these three classes of Novikov algebras can be viewed as one class in terms of our 
notions. This observation leaded us to construct in [X3] a much larger class of simple 
Novikov algebras, including Osborn's classified simple Novikov algebras as very special 
cases. We also observed that the commutator Lie algebras of Osborn's classified simple 
Novikov algebras are rank-one simple Lie algebras of generalized Witt type. In fact, by 
considering the Lie algebras induced by the Hamiltonian operators corresponding to the 
simple Novikov algebras with an idempotent element, we found in [X3] a new family 
of infinite-dimensional Lie algebras. Moreover, a new family of infinite-dimensional Lie 
superalgebras were constructed based on the Hamiltonian superoperators (cf. [X2]) cor- 
responding to the Novikov- Poisson algebras (cf. [XI]) whose Novikov algebraic structures 
are those classified in [01]. Recently, we classified in [X4] quadratic conformal super- 
algebras by certain compatible pairs of a Lie superalgebra and a Novikov superalgebra. 
Six general constructions of such pairs were given. Moreover, we classified such pairs 
related to simple Novikov algebras with an idempotent element. As the consequences of 
this classification, new families of Lie algebras were found. One of the motivations of 
this paper is to understand the simplicity of these Lie algebras. Another motivation is 
to understand the simplicity of the Lie algebras generated by our constructed quadratic 
conformal superalgebras in [X4] (e.g., cf. Section 4.1 in [X5] for the constructions of these 
Lie algebras). 

Our main results in this paper are the constructions and proofs of four new series 
of generalized simple Lie algebras of Cartan type based on the derivation subalgebra 
generated by the mixtures of the grading and down-grading operators of the tensor algebra 
of the group algebra of an additive subgroup of F" with the polynomial algebra in several 
variables. Our Lie algebras of type H contain some non-derivation ingredients. 

For the convenience of the reader's understanding this work, below we shall present 
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the constructions of the four series of simple Lie algebras of Cartan type. 

Throughout this paper, let F be a field with characteristic 0. All the vector spaces are 
assumed over F. Denote by Z the ring of integers and by N the set of natural numbers 
{0, 1, 2, 3, ...}. We shall always identify Z with Zip when the context is clear. 

Let A = F[ti, t2, ■■■,tn] be the algebra of polynomials in n variables. A derivation d of 
A is linear transformation of A such that 

d{uv) = d{u)v + ud{y) for u,v & A. (1.1) 

The typical derivations are {(9^^, Sfj, (9^^}, the operators of taking partial derivatives. 
The space Der A of all the derivations of A forms a Lie algebra. Identifying the elements 
of A with their corresponding multiplication operators, we have 

n 

Der^=^^at^, (1.2) 

i=l 

which forms a simple Lie algebra. The Lie algebra Dcr A is called a Witt algebra of rank 
n, usually denoted as >V(n, F). The Lie algebra >V(n, F) acts on the Grassmann algebra 
A of differential forms on A as follows. 

d{df) = d{d{f)), d{(jj A ly) = d{(jj) A + uj A d{iy) (1.3) 

ioT f e A, uj,u e A, d e W{n, F). Set 

S(n, F) = {9 e W(n, F) | d(dti A A • • • A dtn) = 0}. (1.4) 

Assume that n = 2A; is an even integer. Define 

k 

n{2k, F) = {a e W{n, F) I d{J2 dti A dtk+i) = 0}. (1.5) 

i=l 

Suppose that n — 2k + 1 is an odd integer. We let 

k 

K{2k + 1, F) = {de W(n, F) | d{dt2k-^i + ^{tdtk+i - tk+idti) 

1=1 

k 

e A{dt2k+i + y^^tidtk+i - tk+idti)}. (1.6) 
1=1 

The subspaces S{n, F), H{2k, F) and /C(2/c + 1, F) form simple Lie subalgebras, which are 
called the Lie algebras of Special type, Hamiltonian type and Contact type, respectively. 
For convenience, we simply call the Lie algebras W(n, F), S{n,W), T-C{2k,¥) and IC{2k + 
1,F) the Lie algebras of type W, S, H and K, respectively. It can be observed that the 
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simplicity of the Lie algebras of type S, H and K is determined only by their concrete 
presentations of elements (e.g., cf. [SF]) and does not have any direct relations with their 
defining differential forms. This essentially gives us rooms to generalize these algebras. 

We shall process our constructions and proofs section by section according to the 
Cartan type W, S, H and K. 

2 Algebras of Type W 

In this section, we shall construct and prove a new class of generalized simple Lie algebras 
of Witt type. 

Given m, n e Z with m < n, we shall use the following notion 

m,n = {m, m + l,m + 2, ...,n} (2.1) 
throughout this paper. We also treat m, n — when m > n. 

Definition 2.1. Let ^ be a commutative associative algebra with an identity 1_a and 
let {di, dn} be n linearly independent and mutually commutative derivations of A such 
that 

n 

FU + Yl ^p(^) = {y'^Al di{u) = • • • = dn{u) = 0} = FU. (2.2) 

p=i 

Identify the elements of A with their corresponding multiplication operators. The follow- 
ing subspace of derivations 

n 

y\;^J2Adi (2.3) 

i=l 

forms a Lie subalgcbra of the Lie algebras of all the derivations of A. We call W a 
generalized Lie algebra of Witt type. In fact, its Lie bracket is given by 

n n n 

E "p^f Yl ^9^9] = Yl i^p^pM - dpiug)vp)dg (2.4) 

p=l q=l P,q=i 

for Up,Vq G A. 

Next we shall give the specific construction of our generalized simple Lie algebras of 
Witt type. Let n be a positive integer. Pick 

Jp e {{0}, N} for pei;n. (2.5) 

Let r be a torsion- free abelian group and let {(pp | p G l,n} be n additive group homo- 
morphisms from F to F such that 

Pi ker^^ \ ker^^ ^0 if = {0} for peT^, (2.6) 

PytqeVn 
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flker^^^{0}. (2.7) 

p=i 

Condition (2.7) implies that T is isomorphic to an additive subgroup of F"^. 
Set 

J ^ Jix J2X ■■■ X Jn, (2.8) 

— * 

where the addition of is defined componentwise. Moreover, we denote: 

= (0,..,i,0,...,0) for i e Jp. (2.9) 
Let ^ be a vector space with a basis 

{x''''\{a,i)eTxJ}. (2.10) 
We define an algebraic operation • on ^ by 

^a,i . ^f3,j ^ ^a+(3,i+J for («,?), (/?,/) £ T X J. (2.11) 

Then A forms an associative algebra with an identity element x^'^, which will be simply 
denoted by 1 in the rest of this paper. Moreover, we define 5^^,, dp e End ^ for p e l,n 
by: 

d^A^'"'^) = Ma)x'''\ dpix"'') = (2.12) 

for {a,i) G T x J' (cf. (2.9)), where we adopt the convention that if a notion is not 
defined but technically appears in an expression, wc always treat it as zero; for instance, 
^o:,-i[ij _ Q foj, g^j^y Q! G r. Then (9^^, dq \ p,q E 1, n} are derivations of A. Furthemore, 

di^+\x"^') = for p e L^, {a,i) eVxJ. (2.13) 

Thus is a grading operator and dp is a down-grading operator. We set 

dp = d^^ + dp ior peY^ (2.14) 

and define (W, [•, •]) by (2.3) and (2.4). It can be verified that (2.2) holds. 

Theorem 2.2. The Lie algebra (W, [•,-]) is simple. 

Proof. It can be verified that our construction ingredients satisfy Passman's simplicity 
conditions of the Lie algebras of Witt type (cf. [P]). □ 

Example. Let n — rii + n2 with ni, 712 e N. We pick 

Jp = {0}, Jni+q = N for p e l~rH, q G (2.15) 
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(cf. (2.5)). Let m e N be such that rii <m < n and define 



Cp(q;i, q;2, am) = oip for p e 1, m, (ai, q;2, am) e F"". (2.16) 
Now we take F to be an additive subgroup of F"* such that 

rD{(ji,...,jni,o,...,o) ez} (2.17) 

and define 



= Cpir, = for p G 1, m, g e m + 1, n. (2-18) 

Then (pi, (pn are additive group homomorphisms satisfying (2.6) and (2.7). For instance, 
we can take 

fc 

r = J2iU/k,j/k,...,j/k) + 7.^) (2.19) 
for any positive integer k. When rii — 0, m — n and F = Z", 

A = ¥[tutn+i,tT^ \^eT;^ (2.20) 

(cf. (2.10) and (2.11)) and 



di^Udt,+dt^^, foriel,n. (2.21) 

3 Algebras of Type S 

In this section, we shall construct and prove a new class of generalized simple Lie algebras 
of Special type. 

We shall use the same notations as in last section. For convenience, we denote 

< = 4 = 2;°'^ for q; e F, i'e J. (3.1) 



Wc shall restrict to a special case of (F, (p). Let {Ap | p e l,n} be n additive subgroups 
of F. Set 

F = Ai X A2 X • • • X A„, (3.2) 
where the addition on A is defined componentwise. We use a = (ai, a2, an) to denote 



an element in F with ap e Ap. Moreover, for p e 1, n, we take Pp as 

(Pp{a) — ap for a e F. (3-3) 

Furthermore, we denote 

q;[p] = (0, ..,Q!,0, ...,0) for a e Ap. (3.4) 



Now Condition (2.6) becomes 



Ap {0} if Jp = {0} for p e 1, n (3.5) 

and Condition (2.7) holds automatically. 

Recall the algebra (A,-) defined by (2.10), (2.11) and {di,...,dn} defined by (2.12) 
and (2.14). Moreover, we assume that n > 2. 
Let p, a e r be two fixed elements. We set 



Dp^ x^^'^'^dp forpel,n (3.6) 

(cf. (3.1) and (3.4)). Then {Di, .... Dn} are linearly independent and mutually commu- 
tative derivations of A satisfying (2.2). Moreover, we set 

Dp,,{u) = x({D,{u)Dp - Dp{u)D,) (3.7) 



for p,q e l,n, u e A. By (3.1) in [02], 

[Dp,g{u),Dr,s{v)] 

= Dp^s{x{Dq{u)Dr{v)) + Dq^r{x{Dp{u)Ds{v)) 

-Dp^r{x{D,{u)D,{v)) - Dq^s{x{Dp{u)Dr{v)) (3.^ 



for p,q,r,s E 1, n and u,v E A. We define: 



S = span {Dp^q{u) \ p,q e l,n, u e A} C W. (3.9) 

In the spirit of (3.8), S forms a Lie subalgebra of W, which we call a generalized Lie 
algebra of Special type. The following result was proved by Osborn [02] . 

Proposition 3.1. The Lie algebra S^^^ = [S,S] is a simple Lie algebra when Ap = {0} 



or Jp = {0} for each p G 1, n. 

Our main theorem in this section is: 

Theorem 3.2. The Lie algebra S is simple if Ap ^ {0} and Jp ^ {0} for some 



p e 1, n. 

We shall prove the theorem by establishing several lemmas. For convenience, we can 
assume: 

Ai^{0}, Ji^{0}. (3.10) 
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Set 

h,q = (Pp + <^p)b] + (P? + %,i = (7p)b] + for 7 e r (3.11) 
(cf. (3.4)). 

For any (a, i) and (/5,j) € F x ^7, (3.8) implies the following identity 

- «pj,)i^p,,(x^+^^+^>^--^+^'-iM) (3.12) 

(cf. (2.9)). 

In the rest of this section, we let / be a nonzero ideal of S. Moreover, by reindexing 

if necessary, we can assume 

Ap ^ {0}, = {0} for p, 5 e T^n, p < m, q>m, (3.13) 
where m & l,n. Obviously, m > 1 by our assumption (3.10). A nonzero element 

n 

« = E E w^^'^p^"^ (3-14) 

is called a homogeneous element of degree k if 

m 

ip — k whenever Ogg^T^ for g e l,n, (a, i) G F x (3.15) 

For a homogeneous element u e W, we denote its degree by p{u). The degree of is 
defined as —1. Furthermore, for A; e N, we define: 

Wjfc = span {homogeneous element u eW \ p{u) < k}. (3.16) 

The leading term uia of a nonzero element m G W is a nonzero homogeneous element 
defined by 

u — uid + u' with u' e Wfe-i, p{uid) — k for some /c e N. (3-17) 

Lemma 3.3. The subspace /i,2 = /fll^^i + -^^2) 7^ {0}. 
Proof. For any e W, we write 

= + withx.'= Yl ^'''WA + «2,a/2), ^^*e5]^9,, (3.18) 

(a,i)erxj P=3 
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where a, - j-, ^? G F. Moreover, we write the leading term: 

n 

i^li<i = J2 E Ka^'''^ (3-19) 

with all 6„ - ? e F and define 

i{u) = \{{p,a,i) I 6^ -^^ 0, 2 < p e a e r, J}\. (3.20) 

Set 

^ = min {piiu*U \0y^uel}, (3.21) 

where p{(u*)ici) is the degree of {u*)i(i defined by (3.15). Our statement in the lemma is 
equivalent to k — —1. Assume that A; > 0. We define 

I = min{<M) I 7^ M e /, p{{u*)id) = k}. (3.22) 

If z = 0, then we get a contradiction to (3.20). Now we assume i > 0. Pick any u E I 
such that p{{u*)id) — k and i{u) — i. We write u as in (3.18) and (3.19). 

Case 1. A2 ^ {0}. 

Subcase 1. There exist h^^^^ and ^5^3 J 7^ such that ai = and (i\ 7^ 0. 
Pick any 7^ 7 e A2. Note 

l^i,2(a;f')=7a^r"^'''^^'"5i- (3.23) 

Then 

v= [Di,2(a;f'),«] e/, p((Ow)=^, < z(t;) < z(«) = (3.24) 
which contradicts (3.20). 

Subcase 2. All ai = for b^^^^^ 0. 

Suppose that b^ 7^ 0. We shall use (3.18) and (3.19). First we assume that Aq ^ {0}. 
For any 7^ 7 G Aq, we have: 

r'[u*,D,,q{xy)]^ (7 + P. + ^.)W"^'^'^"'"^^i (^odW^_,). (3.25) 

Since the coefficients of a;"'*(9i and x"'*(?2 in ^~^[u', Di^q^xJ^''^)] (cf. (3.17)) are independent 
of 7, only finite number of them are nonzero and \Aq\ — 00, (3.25) enables us to choose 
7^ 7 e Aq such that 

0^v = r'[u,D,,q{x}''')] e /, p{{v*)id) < k, (3.26) 



9 



which contradicts (3.21). 

Next we assume Aq = {0}. Then J7g = N by our earher assumption. For any ^ I eN, 
we have: 

riK,A,,(4")]^ E (mod (3.27) 

Since the coefficients of x°''^di and x"'*(92 in l~^[u' , Di^q{x''2^)] are independent of / and 
only finite number of them are nonzero, (3.27) enables us to choose ^ I e'N such that 

0^v = l-'[u, D,,q{xf')] e /, p{{v*)id) < k (3.28) 

which contradicts (3.21). 

We have the same conclusion if q;2 = for some b^^^y^ 0. 

Subcase 3. All ai ^ and a2 ^ 0, whenever b^g^^^ 0. 

Assume that b^^^ ^ 0. If /3i ^ —{pi + Ci), then 

V = [Di,2(a;-^^^'-''^+"^^'^'), u] e I, p{{v*)id) = k, i{v) = i{u) (3.29) 

and V has a term 

(/3i + Pi + ai)/32&,,^-x'^^-(''^^[^i+''-^^^^w+("^^i^i'%g if A2 ^ {0}. (3.30) 

Replacing -u by f , we go back to the above Subcases 1 and 2. If /?2 + P2 + <72 = 0, we choose 
any 7^ 7 G Ai. Replacing u by [Di^2{x^i^^),u\, we get the same situation as in the above 
Subcases 1 and 2 with indices 1 and 2 exchanged. Now we assume that /?2 + P2 + C2 7^ 
and /3i = — (pi + ui). Pick any 7 e Ai such that 7 7^ 0, — (pi + (7i). We have: 

V = pi,2(xr^^^''^'''^'^'), [i?i,2(xr),u]] e (/fl Wa^) \ = (3-31) 

Replacing -u by f , we again go back to the above Subcases 1 and 2. 
In summary, we always get a contradiction if A2 7^ {0}. 

Case 2. A2 = {0}. 

According to our assumption, m = 1 in this case (cf. (3.13)). Thus J2 — --- — Jn — ^- 

Subcase 1. There exist 6„ -7 7^ and 57 7^ such that cti = and /5i 7^ 0. 
Note 

Di,2(4'^')=^f^"^'^'5i- (3.32) 
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v = [Di,2{xl'''),u]eI, p{{v*)id) = k, 0<t{v)<t{uid)=t, (3.33) 
which contradicts (3.22). 

Subcase 2. All ai = for 6^^^^^ 7^ 0. 

This is the same as the situation that Ag = {0} in Subcase 2 of Case 1. 
We have the same conclusion if ^2 = for some 6„ ^ ? 7^ 0. 
Subcase 3. All ai 7^ 0, ^2 7^ whenever b^^x^^- 

Assume that ^^^j 7^ 0. If /3i 7^ — (pi + cti), then we have (3.29), and v has a term 

(A + Pi + ai)j2&,,^-x^^-(^^^w+''-(''^)W'^^-'i^ia,. (3.34) 

Replacing u by f , wc go back to the above Subcases 1 and 2. If j2 = 1, we choose any 
7^ 7 G Ai. Replacing u by [1^1^2(3:^1'^'), w], we get the same situation as in the above with 
indices 1 and 2 exchanged. Now we assume that J2 > 1 and /5i = — (pi + o"i). Pick any 
7 G Ai such that 7 7^ 0, — (pi + cri). We have (3.31). Thus, we always get a contradiction 
if A2 = {0}. 

Therefore, we get a contradiction if A; > 0. This completes the proof of the lemma. □ 
For i G JT", we define 

1^1 _ / ^1 if A2 = {0}, 

''"''"1 ^l+^2 if A2 7^{0}. 

Moreover, for 

+ «2,.,?^2) e W, 

(a,?)erxj' 

we let 

pi,2(ii) = max{|i'|i,2 I Oi^^ 7^ or a^^^^^^ ^ 0}. 
In addition, we put pi,2(0) — —1. Set 

W^2 ^{u& Adi + Ad2 I pi,2{u) <k} for A; G N 

Lemma 3.4. //(/i,2 H ^1,2) \^i,2^ ^ •/^'^ some A; G N, ^/len there exists an element 
u G (/i,2 n >Vf,2) \ "^l^^ such that 

u= ^a,iDiA^^'') (modyV^;^') (3.39) 
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(3.35) 
(3.36) 

(3.37) 

(3.38) 



with 

{ai,a2) = {ki,K2) whenever c-^t^ (3.40) 

if A2^0, or 

{ai,i2) — {Ki,e) whenever i ^ (3-41) 
if A2 = {0}, where Hp G Ap and e G N. 

Proof Assume {h,2 fl ^1^,2) \ ^t^^ 7^ {0}- For any u G {h,2 f) ^1,2) \ >V^^\ we write 

u= %,?^i,2(^"'0 (modWi^,^') (3.42) 

with 

Di,2(a;"'^) G WI2 \ Wi,2^ whenever a-^ ^ 0. (3.43) 

Set 

r |{(«i,«2)|a,.^0}| if A,^{0}, 

'^^^ - \ \{{a,M I a„..^ 0}| if A, = {0}. ^^"^'^^ 

Moreover, we let 

£ = min{£(«) I u G (/i,2 n >Vi'2) \ >Vm (3.45) 

We want to prove that I — 1. 

Assume I > I. We pick w G {h,2C\^i,2) \ ^t^^ such that lt{u) = ^. Write by 
(3.42) and (3.43). 

Case 1. A2 7^ {0}. 

Subcase 1. There exist % j 7^ and a^j 7^ such that (/?i, /?2) ^ IF(q!i, Q!2). 
In this situation, we have 

V = [D,,2{xf),u] G (/i,2 n WI2) \ \ ^(^) < K^) (3.46) 

by (3.11), which contradicts (3.45). 

Subcase 2. Assume a^^^ 0. If j 7^ 0, then (/3i,/32) £ F(q;i,q;2). 
Since I > 1, there exists 7^ such that (/3i,/32) 7^ (q;i,q;2). Pick any (71,72) G 
Ai X A2 such that (71, 72), (71 + pi + cti, 72 + p2 + (^2) ^ IF(ai, "2). Then 

V = [i5i,2(4^^^'^'+^^^^'^'), ^] e {h,2 n Wf,2) \ ^{v) = ^(t^). (3.47) 

Replacing u by this i;, we go back to the above Subcase 1. 
Case 2. A2 = {0}. In this case, J2 = N. 
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Subcase 1. There exist a-^ 7^ and a^j 7^ such that ^2) ^ 1F(q;i, i2)- 
In this situation, we have (3.46) with Xi replaced by a;"'('2)[2] ^ which contradicts (3.45). 
Subcase 2. Assume a^i^^ 0. If a^j 7^ 0, then (/9i,j2) G lF(tti,'^2)- 
Since i > 1, there exists a^j 7^ such that (/3i, ^2) 7^ (ai, ^2)- Pick any (7, /) e Ai x N 
such that (7, Z), (7 + pi + (Ji, /) ^F(Q;i,i2). Then 

= [L»i,2(x^W''[^i),«] e ai,2n>^i'2)\>Vt2\ ^(^;) =^(«) (3.48) 
by (3.11). Replacing u by this v, we go back to the above Subcase 1. 

Therefore, i = 1, which implies our conclusion in the lemma. □ 

Set 

~k = mm{k I /i,2 n ^ {0}}, (3.49) 
which is well-defined by Lemma 3.3. 

Lemma 3.5. There exists an element u G /i,2 such that 

Yl dapi,2{x^'') (3.50) 

with 

Oil = 0, ii — Q (0:2, ^2) = ('«2, £) whenever d^^^Q, (3.51) 

for any K2 G A2 and £ G N 5?ic/i that 

£ = 0, ^2 7^ 0, p2 + (72 ^/ A2 ^ {0}; £ ^ if A2 = {0}. (3.52) 

Proof. Take w to be an element as in the statement of Lemma 3.4 with k — k. 
Case 1. A2 ^ {0}. 

Assume that k > 0. If (k^ K2) = (0,0), then < pi,2([^i,2(a;S^'^™^^^'^'"), «]) < k for 
any 7^ 71 G Ai, 7^ 72 G A2, which contradicts (3.49). Assume {ki, K2) 7^ (0, 0). Note 
that 

= ^ c--[«;2ii^i,2(2;"+^^+^^''+^''^^[ii+^'''^i2i'^"^w) 
-/«ii2L'i,2(x"+^+'^i'^+('^^)w+(''^^[2i'^"^[2i)] 

+ E «k7^i,2(>l (mod>V^2'). (3.53) 
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Considering [Di 2(0;^), m] G / if necessary, we can take any (ki, ^2) 7^ (pi + (Ji,p2 + cr2) 
without changing i for all c^^ 7^ in (3.39) by (3.11) and the proof of Proposition 3.6 
in [02] (also cf. (3.60)-(3.67)). Choose u such that 7^ 0, /t2 = if ^2 7^ and 
fi:2 ^ 0, = otherwise. For such u, [^1,2(3;^'''^"'"^^'''^'"), m] G (/ fl >vfe^) \ >V^^^ which 
contradicts (3.49). So A; = 0. Considering [Z^i 2(0;]^), m] G / we can obtain ki = and 
^2 7^ 0, P2 + C2 by (3.11) and the proof of Proposition 3.6 in [02] (also cf. (3.60)-(3.67)). 

Case 2. A2 = {0}. 

In this case, J2 — f^hy (2.6). Assume that > 0. If {Ki,e) = (0,0), then we have 
< pi,2([I^i,2(a;S^'^™'^"'),'u]) < ~k for any ^ 71 G Ai, 7^ / G N, which contradicts 
(3.49). Assume (/ti,e) 7^ (0,0). Considering [Di^2(a^'*^'^''^'^')) G / if necessary, we can 
take any (/ti,£) 7^ (pi + cijO) without changing i for all c^^ 7^ in (3.39) by (3.11) and 
the proof of Proposition 3.6 in [02] (also cf. (3.60)-(3.67)). In particular, we can take 
Ki — Q and £ 7^ 0. Assume that ii 7^ for some c-^ 7^ in (3.39). Since 

^ E C-^li^l,2(x"+^^+''^'^'^-^W) 

+ E hP^^^^"^^') (3.54) 

(Aj')erxj';/3i7^pi+(Ti or j27^£ 

we have [Di^2{x'.}''^),u] G (/ fj >V^2 ^) \ which contradicts (3.49). Thus ii = 0. □ 

Lemma 3.6. We have £)i,„(xi"^^'^') G / for some 7^ cti G Ai. 

Proof. For any p G 1, n, we define: 

r (A„0) if A,7^{0}, 
^^-\ (0,N) if A, = {0}. 

For p > 3, we define h^p to be the subset of / of the elements of the form: 

with a - 1- G F and 

{aq, iq) = {Kq, £q) for 2 < ^ < p - 1 wheuever a-^- 7^ 0, 

where 

{Kq, £q)e-^q for 2 < g < p - 1 
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(3.55) 
(3.56) 

(3.57) 
(3.58) 



are fixed for each u. 

Let u be an element as Lemma 3.5 (cf. (3.50)). By considering [u, Di^2{x°"^)] with 
ii = 0, (0:2, "^2) G ^2 (cf. (3.11)) and the proof of Proposition 3.6 in [02]), we can assume 
that u satisfies (3.50)-(3.52) and 

(as, ia) 7^ (0, 0) whenever d^- 7^ 0. (3.55) 

Note that such an element u G /i,3. Thus /i,3 7^ {0}. Replacing the index 2 by 3 in the 
proofs of Lemmas 3.4 and 3.5, we can prove that /i,4 ^ {0}. Continuing this process, 
we can prove that ^ {0} by induction. Replacing the index 2 by n in the proofs 
of Lemmas 3.4 and 3.5, we get u — £)i,„(x"^'') e / with ai — 0, ii — 0, (ccp, ip) e 
for 2 < p e l,n and («„, i„) 7^ (0,0). Repeating considering [u, Di^n{x^'^)] with ji — 
0, {Pp,jp) e for 2 < p e 1, n by (3.11) and the proof of Proposition 3.6 in [02] (also 
cf. (3.60)-(3.67)) , we can obtain L)i,„(a;["'^"') e / for some 7^ ai G Ai. □ 

Proof of Theorem 3.2. 

We want to prove that I — S. By Lemma 3.6 and reindexing, we can assume that 
-Di,2(a;l"^^'^') G I for convenience. 

Case 1. A2 ^ 0. 

— * 

For any /3 G P such that (32 7^ 0, we have: 

/ 3 [D,,2{xT), D,M)] = -a(32D,,2{xT^'^'^'''') (3.60) 
by (3.11). So we obtain 

Di^2{x^ ) e /• (3.61) 

This imphes that 

^1,2(4"^'''') e / for /3 G P, /32 7^ 0. (3.62) 

If p2 + o"2 = 0, then 7i 2 — 2ti 2 — /9i,2 and /9i,2 + ^1,2 are linearly independent for any 
/?, 7 G P such that 71 7^ pi + cxi, 72 = and /32 7^ 0. For such /3 and 7 , since 

[D,,2{xt^^-^-'^''-'^''l ^i,2(xr^'^)] e /, (3.54) 

we have 

1^1,2(4) e I (3.64) 
by (3.11). If p2 + 0-2 7^ 0, then Di,2(xf '■') G / by (3.63). Then for any 7 G P such that 
7i 7^ and 72 = 0, since 

[Di,2(4"'"'^), ^1,2(4"'^)] = 271 (P2 + ^2)1^1,2(4^''+"^'^) e I. (3.65) 
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we have 

^1,2 (a;?^'''') e / for /3 e r, /?i 7^ 0. (3.66) 
Combining (3.63) and (3.66), we get 

Di,2{xf) el for /3 e r, /3i,2 ^ ^1,2- (3.67) 

For any /5 G F such that /?2 7^ and /?i^2 7^ '-1,2, 

[D^,,{x^''i^^), D^,,{xf''')] = /32i?i,2(x^^-''^^-^+^^+^^^'^) e / (3.68) 

by (3.11). Therefore, 

Di,2{x^) e / for any /3 e F. (3.69) 

Case 2. A2 = 0. 

— * 

According to our assumption, ^2 = N in this case. Since for any e F and < j e N, 
we have 

I ^ [Di^2{xi^'^), £'i,2(2;^'''^i)] = -Q;jL>i,2(x"m+^+^^+^i'^'(^-')[2i)- (3-70) 

Thus 

Di,2{x^'^^'^) e / for any /3 G F, j G N. (3.71) 

We now want to prove / = 5 by (3.69) and (3.71). Let 2 < r G 1, n. If A2 7^ {0}, we 
have: 

[Di,2(x?^'), D2Axl)] = f3J2D^A4'''^'^'^^"'"'^''') - hrD^M'^'^'^'^'^n e I (3.72) 
for any /3 G A2 and 7 G F by (3.7). Thus by (3.69), 

Di,^(a;f) G / for any a G F (3.73) 
if A2 7^ {0}. If A2 = {0}, then J72 = N and (3.71) holds. In this case, we have: 

[D,,2{xf'), D2,r{^'^''''')\ = ^l,r-(4^0 " ^D,,2{x^^+^^^^^^yr^M) g J (3.79) 

for any /9 G F. Thus (3.73) holds again. 

Now we let 1 < r G 1, n. If Jr ^ {0}, the for any G F and j G J, we have: 

[Di,,(x2M), ^i,r(^^^'^')] = (5,D,,r{x^^+f^^^'-^^) + jii5i,.(x^^+^^+^i-^'-i[ii) G / (3.75) 
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by (3.11) and (3.71). Moreover, by (3.75) and induction on ji, we can prove that 

Di,r{x^'^) e / for any /3 e T, J e J. (3.76) 



If J^r = {0}, then ^ {0} by our assumption. Exchanging the positions of 1 and r, we 
can prove (3.76) because L'i ^.(a;"w) G / for a G by (3.65) and (3.73). 
Now for any 1 < r, s G 1, n, 7 G F and j G Jj, we have: 

+ji^iDs,r{x^^^+f'+^^'''^i'^'^-^i'^) (mod/). (3.77) 
by (3.8). By (3.77) and induction on ji, we can prove that 

Ds,r{x^'^) e I for any /3 G T, J G J. (3.78) 

Therefore, I — S. □ 

4 Algebras of Type H 

In this section, wc shall construct and prove a new class of generalized simple Lie algebras 
of Hamiltonian type. 

All the notations and assumptions except (2.6) and (2.7) are the same as in Section 
2. Moreover, we allow n — 0. Assume 

n = 2m for some m G N (4.1) 

and allow m = 0. Moreover, we shall use the settings in (2.5), (2.8)-(2.14). Let mi G N 
such that mi < m. We view F as a Z-module. Let 0(-, ■) : F x F ^ F be a skew-symmetric 
Z-bilinear form. We shall replace the assumptions (2.6) and (2.7) as follows. First, we 
assume 

M^) + Jp7^ {0} for peT^; (4.2) 
(fpy^O or (fm+p 7^ for p G l,mi; (4.3) 
ifm+q = if J, = {0} and iPg = Oii Jm+g = {0} (4.4) 
for g G mi + 1, m. Set 

O = {p, m + p I p G 1, mi, (ppj^O, ipm+p 0}. (4.5) 

Furthermore, we assume 

( Pi ker<^J \ ker<^p if </7p 0, p G mi + 1, m|J m + mi + 1, n; (4.6) 
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p e 1, mi m + 1, m + mi; (4.7) 

n 

{aer\ /3) = for /3 e fl ker^J f|(f| ker^J = {0}. (4.8) 

qel3 p=l 

We choose fixed elements 

eRad0P|( Pi ker^J for pel, mi. (4.9) 

p,m+p^qel,n 

Set 

mi 

a = ^a,. (4.10) 
p=i 

For any a e F, we set 

Aa = span {x""'^ \ J e J}. (4.11) 
Moreover, we use notions in (3.1). Define an algebraic operation [•, •] on A by: 

m 

q=Tni+l 
mi 

+ Yxl''[dp{u)dm+piv) - dm+p{u)dp{v)] + (l){a, P)uv (4.12) 
p=i 

for u e Aa and v e Ap (cf. (2.2.12), (2.2.14)). It can be verified that the pair {A, [•, •]) 
forms a Lie algebra. Obviously, 1 is a central element of A. Form a quotient algebra 

H = A/¥, (4.13) 

whose induced Lie bracket is also denoted by [■, ■] when the context is clear. We call the 
Lie algebra {H, [•,•]) a generalized Lie algebra of Hamiltonian type. 

The following fact in linear algebra will be used. 

Lemma 4.1. Let T be a linear transformation on a vector space U and let Ui be 
a subspace of U such thatT{Ui) C Ui. Suppose that ui,U2, ...,Un are eigenvectors of T 
corresponding to different eigenvalues. IfJ2p=i'^p ^ ^i, then ui,U2, ...,Un e Ui. 

— * — * 

Theorem 4.2. The quotient algebra {H, [•,•]) is a simple Lie algebra if J ^ {0} 
or (7 = 0. If J — {0} and cr 7^ 0, then H^^^ — [H, H] is a simple Lie algebra and 
// = //(i)©(Fx^ + F). 

Proof. We divide our proof as two parts. 

Proof of the First Statement in the Theorem 
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Note that the first statement in the theorem is equivalent to that any ideal of A that 
strictly contains F is equal to A. Let I be an ideal of A such that X D F and I 

Step 1. Xi eX for some 7^ a e F or xl^^^ e X for some Jp — N. 

— * — * 

For any j e J', we define 

n 

\j\ = J2Jp- (4.14) 

p=i 

Set 

Ak = span I (a, J) e F X J, \j\ < k} for keN. (4.15) 
For convenience, we let 

A-i = 0. (4.16) 

Moreover, we define 

k^mm{keN\{Akf]X)\¥y^0}. (4.17) 
For any u G {Aj^ D ^) \ -l^) write: 

u = uid + u with u G .4.^_^ + F (4.18) 

and 

{o,o)^{a,j)erxj, \j\=k 

and define 

b(M) = |{a e F I a^j for some j e J, \j\ = k}\. (4.20) 
Furthermore, we set 

b = min{b(^;) | ^; e (^^ Qx) \ F}. (4.21) 
Let M e (.4^02^) \ ^ such that b{u) = b. Write u as in (4.18) and (4.19). We set 

q'^m + q, {m + q)'^q, 6^ = 1, e^+g = -1 forgel,m. (4.22) 



If </7p 7^ for some p E mi + l,m\Jm + mi + l,n, then ^/ = N by (4.4). Thus 

[xl^^'\u]^ E ep,a^jipp{a)x"'U^odAj,_,). (4.23) 

(o,o)7^(a J)erx jf, |j|=fc 

By the minimality of b{u) (cf. (4.21)) and Lemma 4.1, 

(Pp{a) = (pp{p) whenever a^ja^^j, ^ 0. (4.24) 
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Assume that Lpp and ippi ^ for some pG l,miljm+l,m + mi. Then for any 
r e Rad^ n(np^gGT;^ker^J, we have 

(o,S)^{aJ)erxjf, |J|=fc 

-2ipp{a + ap)ipp'{ap))a^jx"'^ (mod^^_J. (4.25) 

Since (fipir) takes an infinite number of elements in F if r varies in Rad^ dirip^q^Yn^^^Vq) 
by (4.7), the coefficients of <Pp{t)'^ in (4.25) show 

(Pp'{a)(pp>{a - ap) = ipp>{P)(pp'{P - ap) whenever a^ja^^j, ^ (4.26) 

by the minimahty of \>{u) (cf. (4.21)) and Lemma 4.1. Moreover, (4.26) is equivalent to 

^pi{a) = ippi{l3) or ippf{a + /3 - cXp) = whenever a^ja^j, ^ 0. (4.27) 

Assume that there exist a,(3 & F such that (fip'{a) ^ (fp/{(3), (fp'{a + (3 — (Tp) — and 
a^ja^j, 7^ 0. We may assume that (pp'{cii) ^ 0. Since (pp^ and (pp/ ^ 0, we can choose 

reRad<^P|( p| ker^J\ker^^, r' e Rad^P|( p| ker^J\kerp/, (4.28) 
Such that 

(Pp'{r' + a) 7^ 0, (pp{T - ap)(pp>{a) ^ (pp{a)(pp'{r' - ap) (4.29) 
by (4.7). We have 

[xl^^ u]= J2 epo^ ;{(^p(r - ap)ippi-f) 

{0,d)^{'yX)&xJ, \l\=k 

- o-p))a;^+^+^'''' (mod (4.30) 
Since b{u) is minimum, a + t + t' ^ due to (pp'{a + r + r') 7^ and 

^p(^a,jM'^ - (^p)Vp'{(^) - Vp{(^)Vp'i^' - CTp)) + 0, (4-31) 

we have 

^pa^J'Mr - ap)^p\(5) - (pp{(3)(pp^{T' - ap)) ^ (4.32) 

by Lemma 4.1. But 

(fip,{a + T + T') ^ (fp, {P + T + t') (4.33) 

and 

iPp>{{a + T + T') + {p + T + t') - ap) = 2ipp,{T') 0, (4.34) 
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which contradicts (4.27) with u replaced by [x]^'^ «]. Thus the first equation in (4.27) 
holds. 



Assume (fp = with p E 1, mi |Jm + 1, m + mi. Then = N by (4.2). If jp ^ for 
some Oq, J 7^ 0, then [x^^ ,u] G X -^fc-i \ ^r some < / G N such that (/ + l)(Tp + a ^ 
by (4.9), which contradicts (4.17). Assume that jp — whenever a^^^ 0. In this case, 
we get 

[xr"''^^i]= a„je,(^,,(a)x"'Mniod^^_J, (4.35) 

(o,o)7^(aJ)erx j', |j|=fc 

which implies the first equation in (4.27). Therefore, we have proved that (4.24) for any 



p e 1, n. 

If a^j, 7^ 0, then 

Z 3 [xf , u] ^ Yl ""ajm «)^°+^'^' (mod Aj,_,) (4.36) 
{o,d)^{a,j)erxj, \j\=k 

by (4.12) and (4.24). Since b{u) is minimum and 0(/?,/3) = 0, we have 

(f){a, /3) = whenever ciaj^^pj' 7^ 0. (4.37) 
Now for any 7 e flgeo ^^^'Pq ' ^® have 

X 3 [[xi\ [xj, u]] ^ Yl -^'ajH^, «)'^"'^' (mod Aj,_,). (4.38) 

{o,d)^{a,j)erxj, \j\=k 

Since b(ii) is minimum, by Lemma 4.1, we get 

0(7,0;)^ = 0(7, /3)^ whenever a^ja^j, 7^ 0, (4.39) 

which is equivalent to 

0(7, a) = ±0(7, (3) whenever a^ja^j, ^ 0. (4.40) 

Assume that there exist a, (3 & F such that 0(7, a) — — ^(7, /?) 7^ and a^ja^j, 7^ 0. 
Then 

X 9 ^] = Y ««J</'(7, «)x"+^'^^ (mod J. (4.41) 

(0,0)^(a,j)eTxJ, \j\=k 

Thus b([x5',ii]) = b{u) and 

Vi'^(7,«)«/3J0(7,/3)7^O. (4.42) 

But 

0(/3 + 7, a + 7) = 0(7, a) + 0(/?, 7) = 2^(7, a) ^ (4.43) 



21 



by (4.37) and the skew-symmetry of 4>. Equation (4.43) contradicts (4.37) if we replace u 
by [x^jm]. Hence we have 

0(7, a) = 0(7, P) whenever a^ ja^^ j, ^ (4.44) 

for any 7 e Pl^^^ker,^^. By (4.8), (4.24) and (4.44), we obtain 

a — 13 whenever ja^ j, 7^ 0. (4.45) 

Let J 7^ be fixed. If A; = 0, then we have e X. Assume that A; > 0. 
Case 1. a — Q and k — 1. 
In this case, 

n 

u = Y,(^P^2'" + (4.46) 

p=i /3er 

For convenience of stating things, we set 

— CTm+p = for p e mi + 1, m. (4.47) 

UiPpy^O with p el,n, we choose -CTp 7^ r e (flp^qel^ ker^J \ ker,^^ by (4.6), (4.7) and 
have 

[xl, u] = epifp{T)ap,xl-^''^ + hi<Pi^, + epifp{T)^Af^)x''+^+''^) e I. (4.48) 

/3er 

If Op/ 7^ 0, then li] ^ F, which contradicts the assumption k — 1. 
If (fip = 0, then Jp = N. We have 

[xj^" , li] = epUprx"/ + J2 ^phfp' iP)^?^'^ e 2:. (4.49) 

If Op/ 7^ and epbp(fp/{P) 7^ for some /3 e F, we get a contradiction to the assumption 
^ = 1. We assume a^/ 7^ for some p' E 1, n, then we have (pp — Ohy (4.48) and 

epbpcpp^P) = for /3 e F (4.50) 

by (4.49). Note = N in this case. So 

[4''', m] = SepOp/^'"' e X. (4.51) 

Thus the conclusion of Step 1 holds. 

Case 2. a 7^ or A; > 1. 7^ for some Oq, j/ 7^ with p e 1, n and (^p(q;) = 0. 
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If p e 1, mi Pi m + 1, m + mi and (ppi ^ 0, we choose r' e Rad,^ fKripYgeT^n 
ker^^, such that (pp'{a + r' + Up) 7^ by (4.7). Then 

[u,xl']e{lf]Aj,_,)\¥, (4.52) 

which contradicts (4.17). 

If p e mi + l,mf]m + nil + l.n, (Pp' ^ 0, we let r' G (DpYgei^^I^^^'pJ \ ^^^-p,,' ^"^^ 
that (^p/(Q; + r') 7^ by (4.6). If 0(t', a) = 0, then we have (4.52). Otherwise, 

V = [x'^,+^',[xl',u]] 

= J2 0(r',«)a,j„((^pK^') + <^P'(«))jX''""''^'+^ i^odAk_,), (4.53) 

/"ej', \j"\=k 

where 

(4.54) 

{p3")Grxj, \j"\=k-i 

such that 6^ j„ e F are independent of ifp/ (r') and the number of nonzero j„ is bounded 
with respect to (pp'{T'). Since |</7p/(ZT')| = 00, (Pp'ir') takes an infinite number of elements 
in F when r' varies in r' e {Clp'^qein^'^^'Pg) \ ^'^^fp' ^^^^ ^^^^ 0- Hence we can 

choose t' such that v e v4^_i \ F, which contradicts (4.17). 
Assume cpp' = 0. We have Jp' = N by (4.2). Then 

Kx^'']e(Xf|^^_J\F, (4.55) 

which contradicts (4.17). 

Case 3. j'^ ^ for some j/ 7^ with pemi + l,mUm + mi + l,n and </?p(q;) 7^ 0. 



Note that [a;^",^] G Xfl^A^.i. By (4.17), we have 

[xp,'u] = AeF. (4.56) 

Thus we get 

X3 [u.xl'^x^^'^] = [M,a;r"]a;2'"'' + x^"[u, x]^"'^] 
= Xx'/'+ J2 ¥'p(«)^p«aj"^°''" (niod^^_J. (4.57) 

J"&J, \j"\=k 

Replacing u by [u, Xi'^x^^'^], we go back to Case 2 if ^ > 1 and to Case 1 if ^ = 1 because 
fp ^ 0. 



Case 4- There exists p G l,mi[_}m + l,m + mi such that (pp{a) ^ 0, (pp/ 7^ and 
jp > 0. 
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We can choose r' E Rad<^ (^(flpV/eM ^^^v'J \ k^'^Vp' ^^^^ fp'i^' + (^p)Vp{oi) 7^ 
^Pp{ap)^ppi{a) by (4.7). Note that 

X 3 [u, xp""" """"j = ep>{(fip>{T' + (Tp)(pp{a) - (fip{ap)(fipr{a)) 

a^j,x^'^' (mod^^.J. (4.58) 

J'&J, \j'\=k 

Since ^p{r') — and jp > 0, we go back to Case 2 with u replaced by [u, ~'^'']. 



Case 5. There exists p G 1, mi IJ m + 1, m + mi such that ffp{o.) ^ 0, ippi = 0, jp > 
and jp/ = for all j, 7^ 0. 

By (4.2), we have Jp> = N. Note that (4.56) holds. As (4.57), we have 

= Ax-'^-'^b'i + J] 99p(Q;)epa^j„a;°'^" (mod^^_,). (4.59) 
j"eJ, \j"\=k 

If A; > 1 or A = 0, we go back to Case 2 if we replace u by [ 

'^p' [p']]. Assume that 

A 7^ and k—1. Then we have 

I 3 [[u, xpx-^^'^M], Xs'^''] = -epXipp(ap)xl^'^ (mod A)- (4.60) 
Replacing u by [[li, 3:^2''''']) '^^ go back to Case 1. 

This completes the proof of the conclusion in Step 1. 

Step 2. The conclusion of Step 1 imphes 1 — A. 

Case 1. ^2'''' e X for some p e 1, n. 

In this case, J/^ = N. For any (/3, j') G F x JT", we have 

[xjw , x^''^'] = epiifp/ {j3)x^+''^^'^' + j'^,x^+^^''^'-^\p'^ ) e T. (4.61) 

If Jp' — N, then by (4.61) and induction on j^,, we can prove X — A. Assume Jpi — {0}. 

By (4.2), ipp> ^ 0. We choose r' e (npV</eT;^^ ^^^-^ J \ ^^^v'p' ^"^^ '/'p'('^' " ^p) 
by (4.6) and (4.7). Moreover, we can assume r' G Rad^ if G 1, mi (J m + 1, m + mi by 
(4.7). We have 

I = ep99p'(r' - (jp)x'( G X. (4.62) 



J/2 ,^-1 



So x[ G X. Moreover, for any (/3,/) G F x J", 

[xf , x^'^'] = ep,(^p.(r') ((^p(/3)x^+"'+'^-^^' + j^x^+^p+^'.^^'-iw) e J (4.63) 
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if p e 1, mi IJ m + 1, m + mi and 

[xf, x^'^'] = 0(t', P)xf^+^''^' + ep,(^p,(T')j>^+"''^'-'w e I (4.64) 

if p e mi + 1, m (Jm + mi + 1, n. Thus by (4.63), (4.64) and induction on j'^, we can 
prove I — A. 

Case 2. for some ^ a eT and (pp{a) ^ for some pel,??,. 

Assume p e 1, mi IJm + 1, m + mi and (^p/ = or p e mi + 1, mlj m + mi + 1, n. 
We have J^, = N by (4.2) and (4.4). Moreover, 

{x1, = 2ep(^p(a)x2''''' e X. (4.65) 

So Xg''''' € X. Hence X = ^ by Case 1. Next we consider p G 1, mi |J m + 1, m + mi and 
(/9p' 7^ 0. By (4.58) with u = x", we obtain x^' E X for some r' G Rad,^ rKflp'^geTn^^^Vg) \ 
ker<^^, . Furthermore, by (4.63), we have X = ^ if = N and otherwise, 

x^'^' G X for any (/3, J') G T x J, 99p(/3) 99j,(ap). (4.66) 

Choose any r G (Hp^ge]^ ^^^v' J \ ^^^fp ^^^h that </?p(r) Vp{crp)- We have x^^"^' G X 
by (4.66) and <^p'(r + r') = v'p'(r') ^ 0. Exchanging positions of p and p', we have 
the similar conclusion. If (pq for some q G l,n \ {p, p'}, then we choose any Tq G 

iClq^ireUl^^^'Pr) \ ker^p^ and have x]^^" G X, ^^^(r + Tq) = ^q{Tq) ^ 0. Thus we have 
the same conclusion for (g, q') as that for (p, p') . Assume that (^q = (^g' = for some 
q G 1, n \ {p,p'}, then Jq = Jqi = N. Since x'^'^i^i G X, we have 

[x'-^w , x-'-^i^'i] = 2eqx\^'''^ G X, (4.67) 

by which and Case 1, we get X — A. In summary, we have X = ^ if ^ 7^ {0} and 

n 

xIeX for /3 G r such that /3 - cr ^ Q ker^, (4.68) 

r=l 

(cf. (4.10)) if {0} , where mi = m by (4.2) and (4.4). 

Assume J = {0}. Let /9 G F such that (3 — a E f]"^-^^kcY^^. By (4.8), there exists 
7 G f]r=ikGT^^ such that 0(7, /3) = 4>{j,P — cr) 7^ 0, where we have used the fact that 
(T G Rad^ by (4.9) and (4.10). Moreover, we choose r G Rad^ ninp/geTTI^^^v^g) X^'^^Vp- 
Since <^p(/9 — t — 7) = ^p{o'p) — <^(t) 7^ <^p((7p), we have Xi~^~^ G X by (4.66). Note that 

[x1+\ = 0(7, /3):z:f + ep(^p(r)(^p,(ap)x'3+'^'' G X, (4.69) 
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where we have used the fact that (Pp'{P) = (pp'{ap) and v^p'(t) = 0. Moreover, we have 
epipp{T)(ppi{ap)x^^'^p e X by (4.68). Hence e I. Therefore, we obtain 



x{eX for (7 ^ /3 e r. (4.70) 



Case 3. x^Gl for some 7^ a e F and ipp{a) — for any p E l,n. 



By (4.8), there exists (3 eT such that 0(/9, a) 7^ 0. If cpp ^ for some p E 1, n, we can 
choose T e (Dp^^ei^Tr ker^J \ ker^p such that (pp{r + a + P) ^ and 0(/3 + t, a) 7^ 0. Since 



<j){(3 + T, a)-'[xl^^, x1] = E J, (4.71) 



we go back to Case 2. Assume that (pp — for any p E l,n and n > 0. By (4.2), we have 
J'l = N. Moreover, 

[[x'^'^m, X?], x-^-'^'^i^+n] = 20(/3, a)xl^'^+'^ E I, (4.72) 

by which and Case 1, X — A. Now we assume n — 0. In this situation, (4.8) becomes 
Rad^ = {0}. Note 

[xf x?] = (/)(/?, Q;)xf e X for any pET. (4.73) 

This shows that 

e X for 7 e r, 0(7, a) 7^ or there exists 

PeF such that ^(7, /3)0(/3, a) 7^ 0. ^ ^ ^ 

If (4.74) does not imply X — A, then there exists 7^ 7 e F such that ^(7, a) — and 

0(7, /3)0(/3, a) = for any /3 e T. (4.75) 

Since Rad^ = {0}, there exists ao,7o £ T such that 0(q;o,q;) 7^ and ^(7,70) 7^ 0. By 
(4.75), 0(70, Oi) — 0(7, Qio) — 0. However, 

0(7, "0 + 7o)0(ao + 7o, «) = 0(7, 7o)0(«o, «) 7^ 0, (4.76) 

which contradicts (4.75) with /3 = ao + 7o- Thus T = ^ if n = 0. This completes the 
proof of the first statement in the theorem. 

Proof of the Second Statement in the Theorem 

Now J = {0} and cr 7^ 0. By (4.4), we have mi = m. Set 

H = spanjo;^ \ a^aET}. (4.77) 
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For any a, /3 e F, we have: 

m 

[<, xf] = + J2M^)'Pm+p{P) - (4.78) 

p=i 

U a + (3 = a, then 0(a,/9) = (x - a) = by (4.9) and (4.10). For p G l,m, if 
a + P + ap = a, then /5 = Z^p^gei^ - So v?p(/?) = -(pp{a) and (/5r„+p(/5) = -v?m+p(a), 
which imphes (pp{a)(pm+p{P) — V^m+p(tt)'^p(/3) = 0. Thus wc have ^] C H. On the 
other hand, [A, A] D ^ by (4.7), (4.8), (4.63), (4.69) and (4.73)-(4.76). Hence, 

H=[A,A]. (4.79) 

Replacing ^ by ^ in the proof of the first statement, we obtain (4.70), which implies that 
//(I) ^H/Wis simple. □ 

Remcirk 4.3. Some special cases of the Lie algebra H with rrii — m — 1 and (f) — 
were studied in [X3]. 

Example. Let k E N. Take any nondegenerate skew-symmetric bilinear form (f)' on 
F*^, where we treat F'^ = {0} with (f)' — for convenience. Suppose that we have picked 
(2.5) so that 

Jq^Nor Jg/ = N for q E rrii + l,m[Jm + rui + l,n (4.80) 

(cf. (4.22)). Let ki be the number oi J'p = {0} with p e l,mi[jm + l.m + nii and let /c2 
be the number of Jg — N with q e rrii + l,m[jm + mi + l,n. Set s — ki + n — 2mi — k2. 
Pich an integer I such that s < i < 2mi + k2. We define 

Cp{ai, ...,ae) ^ ap for p e 1,£, (ai, q;2, a^) e F^. (4-81) 

Moreover, we extend 0' and Cp to F^^^ by 

0'((ai,a2), (/3i,/32)) = 0'(«i,/3i), Cp(«i,«2) = Cp(«2) (4.82) 

for cTi, /3i e F'^, 0.2-, ^2 ^ F^ and p e 1, Furthermore, we define 

Cg = for 5 e £ + (4.83) 

Take F to be an additive subgroup of F'^^^ containing ll'^^. Take any permutation i on 
1, n such that 

6(p) <^ ii Jp = {0} with p e l,mi [Jm + l,m + mi, (4.84) 



27 



i{q) > £, V <£ a Jq> = {0} with q e nii + l,m[Jm + mi + l,n (4.85) 
(cf. (4.22)). We let 

= ^'dr, |r), 'Pp = C{p)\r for p e T~u. (4.86) 

Then (4.2)-(4.4) and (4.6)-(4.8) hold. 

In particular, we can take k — 0, mi — m, (2.34) and (2.35). 

5 Algebras of Type K 

In this section, we shall construct and prove a new class of generalized simple Lie algebras 
of Contact type. We shall use the notions in Section 2. All the notations and assumptions 
except (2.6) are the same as in Section 2. 

Now we assume 



n = 2m + 1 for some < m e N; </7p ^ or J'p = N for p e 1, 2m + 1 (5.1) 

and 

2m 

r = ri + r2, ri = ker^„, r2 = f|ker^^. (5.2) 

p=i 

By (2.7), the sum Fi + r2 is a direct sum, : r2 — > (fn{^2) = ¥'n(r) is an additive group 
homomorphism and 

2m 

fl ker^^i,^ = {0}. (5.3) 
p=i 

Let 



Ui^{pel,2m\ipp^0}, U2^l,2m\Ui. (5.4) 
Condition (2.6) is replaced by 

n ^®^vplri \ ker<^,|r^ 7^ for 5 e Oi. (5.5) 



g^pel,2m 

Now we choose fixed elements 



aq^aq'E Pi ker^^i^^ \ (ker^^ij,^ |Jker^^,|^J for g e Oi (5.6) 



(cf. (4.22)) and 

<Jn e r2. (5.7) 

Up to equivalence of the following construction of the Lie algebras of type K, we can 
assume 

¥'p(c"p) = —1 for p e Ui. (5.8) 
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For convenience, we let 

ap = for p e U2. (5.9) 
Note by the assumption (5.1), 

Jq = N for g e O2. (5.10) 

We define an operator 5 on ^ by 

9(x"'0 = ( J2 + (a,i)erxj. (5.11) 

pei3i qeih 

Then 9 is a derivation of (^4, •). Moreover, we define an algebraic operation [■,-]k on A 

by 

m 

[u,v]k = J2<"i9p{u)dpiv)-dpiu)dp{v))+xl"[{2-d){u)dn{v)-dn{u){2-d){v)] (5.12) 

p=l 

for u,v & A (cf. (4.22)). It can be verified that {A, [■, ■]k) forms a Lie algebra. We call 
(>^) [■) ']k) a generalized Lie algebra of Contact type. 

Theorem 5.1. The pair {A, [■, ■]k) forms a simple Lie algebra. 

Proof Let / be a nonzero ideal of A. Set 

A! = span {x"'^ I (a, i) e Li x J, i„ = 0}. (5.13) 

In fact, 

A! = {ueA\ dn{u) = 0}. (5.14) 

Step L I^A' ^{d}. 
We set 

A[k] = span {x"'^ I (a, i) e r X J, i„ < A;} for /c e N; = 0. (5.15) 
Define 

k^m.in{k\A[k]P\I^{Q]]. (5.16) 
Let 7^ ii e n We write 

U = Uq-\-u' with ti' e >^[A;-l] (5-17) 
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and 

^0= E a«,reF. (5.18) 

{a,T)eTxJ,in=k 

Moreover, we define 

^H = |{«l«a,?7^0}|. (5.19) 

Let 

I = mm{i{v) I ^ V e Pi /}. (5.20) 

Let ^ u E A^j^-^ f]I such that i{u) = i. Write u as (5.17) and (5.18). 

Case 1. There exist Oq,^ 7^ and ^ 7^ such that a e Fi and /3 ^ Fi. 
Note that 

[1, = 2<^„(7)a;^+""'''+ 2/„a;^+'^"''-^w (5.21) 

for (7, e F X ^ by (5.11) and (5.12). In particular, we have 

[l,x'''% = 0, [hx^^'^U = 2ip^{(3)xP+'^-'^^ (mod ^[^_,j). (5.22) 

Hence we have 

7^ [1, u]k e ^[^] n ^' < ^'([1' ^]^) < ^^(^) = (^-23) 

which contradicts (5.20). 

Case 2. a e Fi whenever 7^ 0. 

If ^ = 0, then ueA'. So If] A' {0}. Assume that k > 0. By (5.21), 7^ [1,-^]^^ e 
A^}._^f]I, which contradicts (5.16). 

Case 3. There exists Oq, ^ 7^ such that 

(i?(a, i) + 2)^^{a) + d{a, ?)<^„(a„) ^ 0, (5.24) 

where 

i?(a, ?) = 2 - 5^ (^p(a) - ^ (5.25) 

Note that 

[x1, x-^^ = (2(^„(7) - ^n{i^)'&{i, l))x^+^+''"'' + 2Z„x^+'^+'^"''-^w (5.26) 

for K e F2, 7 e F and / e J". Moreover, we write a — ai + a2 with G Tr by (5.2) and 
have 

^ [xp^-'^", li] e ^[^] n < Ki^r'-^^uU) < i (5.27) 
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and [x^°''^ '^",1*] contains the following term: 

«a;((^(°^' ^ + 2)<^n(a) + ^(«, i}^nM)x"'"\ (5.28) 
Replacing u by [x]^"^"'^", m], we go back to Cases 1 and 2. 
Case ^. 

a ^ Ti, {'&{a, i) + 2)(/7„(q;) + ■&{a, (c^n) = whenever j 7^ 0. (5.29) 
In this case, r2 7^ {0}. 

Subcase 1. There exists a„X7^ ^ snch. that 'i?(Q;,i) 7^ —2. 
We can choose — cr„ 7^ 7 G r2 such that 

2ipr,{a) ^ ipn{l)'&{a,i) (5.30) 

because |r2| = 00. Then contains the following term 

a^P^nioi) - <^„(7)i?(«,?))a;"+^+""^ (5.31) 

Thus, replacing u by we go back to Case 3 because </'n|r2 is injective. 

Subcase 2. ■&{a^i) — —2 whenever a^^7^ 0. 

In this subcase, (T„ = by (5.29). Moreover, (5.21) becomes 

[1, = 2dn{x^'') = 2(^„(7)x^'^% 2/„x^'^-^w (5.32) 

for (7, f) G r X jf. For any /5 G we let 

= span {x""^^^' I (a, G Fi X J}. (5.33) 

Then we have: 

^ = A[p-\ = {ueA \ (adi - 2(^„(/?))^(m) = for some j G N} (5.34) 
/3€r2 

by (5.32) and (5.33). 

Let a^^ 7^ be such that \i\ is maximal (cf. (4.14)). Again we write a = cti + q;2 with 
G r^. If Ji = N, then we have 

= 97„(a)x°^^''+^w - (^^+i(a)x°i'^ - iix^'^-^w (5.35) 

by (5.11), (5.12) and (5.29). Thus [i*, contains the following term: 

a„^^„(a)a:"^'^+iw G Ar,- (5-36) 
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Since [x-'^^''^w,u]k G /, (5.34) and (5.36) imply 

/flAp, 7^{0}. (5.37) 

Pick any ^ v & I f] .Aor^ . Applying adi on v repeatedly, we can get a nonzero element 
weA'hj (5.32). 

If Ji — {0}, then (pi ^0. So (7i 7^ by the assumption in (5.6). Note 

[x^-"^x"'^]K = (<^l(a)-¥^rn+l(a))x"l+'"^'^+<^n(«)2:"^+"^'' (mod ^[^_i]) (5.38) 
by (5.8), (5.11), (5.12) and (5.29). Thus [xi^~"^ ,u]k contains the following term 

a„.(^„(a)a;"i+'^i'^e Ar,- (5-39) 
Since [x'^'-''\u]k e /, (5.34) and (5.39) imply (5.37). Thus iCl^'i^ {0}- 
Step 2. lei. 

Note that for m, v e A, we have 

m 

[u,v]k = ^xl''[dp{u)d^+p{v) - d^+p{u)dp{v)] (5.40) 
p=i 

by (5.11) and (5.12). Moreover, (5.40) is a special case of (4.12) with mi = m, = and 
A replaced by A'. By the proof of Theorem 4.2, we have 

lf]A' = ¥ (5.41) 



or 



or 



if^A' = A' if = N for some p G 1, 2m (5.42) 



lf]A' = span {x^l^apj^ae Ti} if Jp = {0} for any p e 1, 2m (5.43) 

p=i 

(cf. (4.70), (4.79)). Note by (5.1), (5.3) and (5.6), 

m 

J2^P^^ (5.44) 
p=i 

in the third case. Thus we always have 1 e 7 in all the three cases (5.41)-(5.43). 
Step 3. I = A from 1 e /. 
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By (5.21) and induction on /„, we can prove I — A ii Jn — Assume Jn — {0}. 
Then ^ by the assumptions in (5.1). Note that (5.21) shows 

^ai+a2,i* g J f^j. g (7„ 7^ q;2 e Ta, G J. (5.45) 
For any 0, cr„ 7^ G and (/?, J) eTiX J such that i?(/3, J) ^ -2 , we have 

x^+'^""^= [(^„(ft;)(2 + !?(/?, J))]-i[a;r",a;''+''"^]K e /. (5.46) 

Since '(?(0, l[i]) = 1 if Ji = N and i?((7i, 0) = 3 if (^i ^ by (5.8) and (5.25), (5.45) and 
(5.46) imply either x/' e 7 or x^' e I. Moreover, the arguments in Cases 1 and 2 of Step 
2 in the proof of Theorem 4.2 show that 7 = ^ if ^ 7^ {0} and 

m 

^ai+a2 g J for ^ (7p 7^ ai e Ti, q;2 e r2 (5.47) 
p=i 

if J = {0}. When J = {0}, (5.45), (5.46) and (5.47) imply I ^ A because ^{a,0) = 
2(m + 1) 7^ -2 by (5.8) and (5.25). □ 

Example. Suppose that we have picked (2.5). Let k be the number of ^ = {0} with 
p e 1, n. Pick an integer i such that k < £ < n. We define 

Cp{ai, ai) = ap for pel,i, (ai, q;2, Q;^) e (5.48) 

and 

Cg = for g e e + l,n. (5.49) 
Pick any permutation t on l,n such that 

lip) <i if Jp = {0} with p e T~n. (5.50) 

Moreover, we can assume i(n) = £ if i(n) < i. Take P to be an additive subgroup of 
such that P D and 

P D {(0, 0, ae) I (ai, a^) e P} if i{n) = L (5.51) 

We let 

Vp = Ci(j>)\T forpeT~n. (5.52) 

Then (5.1)-(5.3) and (5.5) hold. 

In particular, we can take (2.34) and (2.35). 
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